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Abstract 

We derive a general integral formula on an embedded hypersurface 
for general relativistic space-times. Suppose the hypersurface is foliated 
by two-dimensional compact "sections" Sa- Then the formula relates the 
rate of change of the divergence of outgoing light rays integrated over Ss 
under change of section to geometric (convexity and curvature) properties 
of Sa and the energy-momentum content of the space-time. We derive 
this formula using the Sparling-Nester-Witten identity for spinor fields on 
the hypersurface by appropriate choice of the spinor fields. We discuss 
several special cases which have been discussed in the literature before, 
most notably the Bondi mass loss formula. 

1 Introduction 

The purpose of this article is to derive and to discuss an integral formula which 
can be obtained from the part of the Einstein equations which is "intrinsic" 
to a hypersurface. This formula contains several special cases which have been 
discussed before in various different contexts. These are an integral form of the 
Raychaudhuri equation for null congruences, a special form of the constraints 
in spherical symmetry and most notably the Bondi mass loss formula. This 
formula is obtained in the context of two-component spinors and the formalism 
developed by Szabados 0] on the geometry of embedded two-surfaces. The main 
ingredient is the Sparling-Nester-Witten identity. 

The paper is organised as follows: In section ^ we discuss the necessary 
background, in particular, the properties of the two-dimensional spin connec- 
tions known as the Sen connection and the intrinsic spin connection. In section 
H we derive the integral formula and in section |^ we discuss three special cases: 
the integrated Raychaudhuri equation, spherical symmetry and null infinity. 
Throughout this work we use the conventions of Penrose and Rindler S . 
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2 Geometric preliminaries 

Let (Af , g) be a Lorentz manifold with spin structure and let S be an embedded 
hypersurface in M. We assume that E is diffeomorphic to S x I where / is an 
open interval and 5 is a compact two-dimensional manifold so that 9S — S x dl. 
Let s be a parameter in / and assume that the maps ^'^ : — > S provide the 
identification of S with its images Sg embedded into S. We assume that all 
these images are spacelike. Then each of these surfaces is the intersection of 
two unique null hypersurfaces A/'+, , which exist in a neighbourhood of Ss- 
At each point of Ss there exist two unique null directions which are orthogonal 
to the surface. The null hypersurfaces are generated by the null geodesies which 
start at Ss in these unique null directions. Note, that there is no preferred scaling 
available on the generators. These null geodesic congruences are (obviously) 
surface forming. 

We can use the null hypersurfaces to introduce coordinates in a neighbour- 
hood of E. Choose on E a vector field V with {ds, V) = 1 and coordinates 
{x^, a;^) on S in such a way that {dx^, V) = (da;^, V) = 0, i.e., so that V = ds- 
Now we label each of the null hypersurfaces by the value of s on its inter- 
section with E. This defines two functions u and w in a neighbourhood of E. 
The two families of null hypersurfaces are obtained hy u — const and v = const, 
respectively, while E is defined by the equation u = v. Given a point P near 
E we can now assign coordinates {u, v , x'^ , x'^) to it in the following way: P lies 
on exactly one null hypersurface from each family. These define the values of 
u and V. {x^jx"^) are the coordinates of the intersection point with E of the 
generator through P of the null hypersurface u = const. The whole purpose of 
this discussion was to show that we may assume that the conormals of the null 
hypersurfaces are gradients. This will be of importance later. 

At each point P of Ss the tangent space is the direct sum of the subspace 
which is tangent to Ss at P and its orthogonal complement. Accordingly, the 
four-dimensional volume- element eabcd can be split into two parts 

Sabcd = Gpiatmcd], (2.1) 

where Pab and ruab are two-forms, mab is the induced area-element on Ss 
so it annihilates vectors orthogonal to and satisfies mab'm'^'' = 2. Simi- 
larly, Pab vanishes when contracted with vectors tangent to the surface and 
satisfies PabP'^'' — —2. Moreover, we have ruabp"''^ = and the fact that 
rUab = -^Sab'^^Pcd and Pab = ^eab^'^rricd, so mab and Pab are dual to each 
other. 

In terms of spinors we have pab — h {jab^a'B' + IA'B'^ab) with a symmet- 
ric spinor ^ab which satisfies ^abI — —^b^- From the duality we obtain 
rriab = i/^ {jABf-A'B' — lA' b'^ab)- The "surface spinor" ^ab characterises the 
properties of the surface in its four-dimensional surroundings in a way similar 
to the normal vector of a hypersurface. In fact, the flag-pole of any eigenspinor 
of 7AB (with eigenvalue ±1) points into one of the null directions defined by Ss- 

We want to define two spin connections on the two-surface Ss- First, there 
is the spin connection induced from the four-dimensional spin connection, the 
so called two-dimensional Sen connection V Its action on spinor fields is 
obtained from the four-dimensional spin connection simply by restriction to the 
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surface: 

X^Va^B = X^VaAs for all As and all tangent to Ss- (2.2) 

It contains extrinsic information like the extrinsic curvatures and the torsion 
of the normal bundle to Ss in M. The other spin connection is as intrinsi- 
cally defined as possible by the requirements that it agree with the Levi-Civita 
connection on Ss when acting on vectors which are tangent to Ss and that it an- 
nihilate the surface spinor jab ■ These conditions do not completely determine a 
unique spin connection. Two connections which satisfy the above requirements 
differ by a term proportional to jab, i-e., 

daXB - O'.Xb = CaiBcX^- (2.3) 

The one-form Ca cannot be fixed by intrinsic properties. However, we can define 
a spin connection which satisfies these requirements from the two-dimensional 
Sen connection. First we define the spinor valued one-form Qas*-^ = \lA~^^alB^ 
and then the connection d by 

daXB=^a\B+QaB^\c- (2.4) 

The spin connection thus defined annihilates jab and agrees with the intrinsic 
Levi-Civita connection when acting on tangent vectors of Ss- However, it still 
contains some extrinsic piece which shows up in its curvature 

dadbXc - dbdaXc - -Sabc'^XE = (9°Ca + '-n)mabjc'' ■ (2.5) 

Here the function TZ is the scalar curvature of 5*^ and Ca is a local representation 
of a S0{1, 1) connection in the normal bundle of Ss- This ambiguity does not 
affect the ensuing discussion, so we will not try to fix Ca any further. 

For later use we introduce a spin-frame {o"^,i^) adapted to the surface Ss 
by writing ja^ = oai-^ + lao^ - Thus, o"^ and t'^ are eigenspinors of ja'^ with 
eigenvalues — I and -1-1, respectively. Let n"', m° and m° be the corresponding 
null tetrad. Then to" and to" are tangent to Sg while and n" point along 
the generators of the null hypersurfaces Af^- The spin- frame is defined away 
from the surface by taking the spinors to be parallel along their respective flag- 
poles, i.e., we impose the propagation equations Do"^ — and D'l"^ = 0. This 
definition yields a spin-frame in a neighbourhood of E which is fixed up to the 
scalings 

^ co^, l"^ ^ -LA, (2.6) 
c 

where c is any function on E. This is the natural setup for the GHP-formalism 
1^ which will be used to some extent in the following discussion. With 
^abcd = ~24iZ[Qnbmcr?T(i] the induced area-elements are mab = —'^i'm^aTnb] and 

Pab = '2l[anb]- 

In this spin-frame the spinor-valued one-form QaB'^ can be determined 
from the four-dimensional spin connection, with p and cr being the usual spin- 
coefficients 



iaB 



= - {maP + ruacr) LBi~^ + {rriacr' + rUap') obo~^ - (2.7) 
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The action of the intrinsic connection on the spin-frame can be found from the 
fact that it annihilates the surface spinor ja^ ■ For any eigenspinor of 
we have 

7a^Ab = ±Xa ^ -fA^dXB - ±d\A ^ BXa = TXa (2.8) 
for some one-form T. Therefore, we obtain 

do A = To A, 

diA - -r^. (2.9) 

The one-form F can be expanded in terms of the complex basis {ma,rn„) with 
the coefficients given by the usual spin-coefficients: Ta = —maOi — rriaf3- This 
one- form represents both the extrinsic 5*0(1,1) connection and the intrinsic 
S0{2) connection which are combined in F as (twice) its real and imaginary 
parts respectively. 

For any spinor field Xa — Xioa — Xqla we have the formula 

daXA = - {rria^'Xi +madXi)oA + {mad'Xo +TOa9Ao) la, (2-10) 

and similar expressions for spinor fields with other valences. 

We end this section with the Sparling-Nester-Witten identity. Given two 
spinor fields A^ and fiA': we can define a two-form by L = —i^A'dXAO^^ . The 
d here is the covariant exterior derivative of the four-dimensional spin connection 
acting on spinor valued differential forms, the are essentially the van-der- 
Waerden symbols and the product between differential forms is understood to 
be the Grassmann product. Computing the exterior derivative of L we find 

dL = dL= -id^iA'dXAO"^^' -i^iA'd^XAO"^"^' =S + E. (2.11) 

The three-form E contains only curvature terms and, remarkably, only in the 
form of the Einstein tensor. In fact, one can show that (e.g., Q) E = —^V'^Gj'T.f, 
with y = X^^^ and Sa = ^^abcdQ^Q'^Q'^ ■ Using the Einstein equations in the 
form Gab — —SirGTab the identity becomes 

dL = -idfiA'dXAO^"^' + A-KGVTj'Y.b- (2.12) 

This identity is the basis for the spinorial proofs of positivity of mass in General 
Relativity which are obtained by choosing the spinor fields appropriately. 

3 The integral formula 

Consider the integral defined by 

I{s) = j L. (3.1) 

We are interested in the change of / with the parameter s. To compute it we 
choose a vector field on S so that Z°-V aS = 1. Such vector fields exist 
because ^ is such a vector field but we could just as well choose any other field 
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which differs from it by terms tangent to the fohation. Now recall that for any 
two- form uj we have 

— (j) u! = (j) Lzi^ = <j> izdi^- (3-2) 

Here we have used the formula that the Lie derivative of a differential form is 
Lzi^ = diz^jJ + izdoJ and the fact that the two-surfaces are closed. This formula 
also shows that we can assume without loss of generality that the vector field Z° 
is orthogonal to the foliation: components of tangent to the two-surfaces Ss 
would correspond to applying an infinitesimal diffeomorphism to the integrand 
which does not ch ange the value of the integral because there are no boundaries. 
Now the identity ( 2.11 ) implies 

<j> L ^ <j> izdL ^ <j> izS + <j> izE. (3.3) 

The last term in this formula is easily evaluated. Note that 1^0° = and 
iz'^a = \eabcdZ^()'^d'^ which, after restriction to the two-surface, becomes 

iV[abm,j^Z''e'e'' ^PabZ'^d^A. (3.4) 

Thus, 

j izE = AnG j {Tj'VybcZ') d^A. (3.5) 

The evaluation of the first term in (|]^) is more complicated. We have 

^zS = lz[-^d^lA' AXa 0^^') 

= -iZ^WefiA'dXAe^^' + iZ'WeXAdfiA'O^'^' ~ idfiA' dXA Z^^' (3.6) 

After restriction to the surface the d becomes the exterior covariant differential 
with respect to the two-dimensional Sen connection and we can express it in 
terms of the intrinsic spin connection using the relation dA = OXa — Qa'^ Xc 
where we denote the exterior covariant differential with respect to the intrinsic 
spin connection by d and where Qa^ — S'^QaA^ ■ Then the last term in (3.6) 
becomes 

dflA' dXA Z^^' = (diLA' - Qa'^Vc) (QXa - Qa^Ac) Z^^ 
= dilA'dXAZ^^' ~ d^iA-QA^^XcZ^^' 

^dXj^A'"^' V^c'Z^^' - Qa^XcQa'^' l^C'Z^^' . (3.7) 
The first term above can be rewritten as follows 



dlXA'dXAZ^^' = ^d (^flA'dXAZ^'"' - XAd^lA'Z^^"^ 

+ i {XAd^fiA'Z^^' ~ fiA'd'XAZ^^' - XAdfiA'dZ^^' + ^iA'dXAdZ^^'] 



(3.8) 
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On the right hand side of this equation, the total derivative term can be dropped 
because it does not contribute to the integral. Hence we get after collecting 
similar terms 

izS = -I [-Z'^V.llA'QA^'XEe^^' + Z-'VeXAQA'""' P'E'O^^'} 

Qa^^^'Qa^'i^e'XeZ^^' + ^XaO'^ia'Z^^' ~ i^^'S^A^Z^^' 

^fiA'dXAdZ'^'^' - Qa,""' f^E'dXAZ^^' + Z-^VeMA'SA^^^^' 

^XAdfiA'dZ"^^' + QA^'XEdfiA'Z^'^' - Z'WeXAdfiA'd'^'^'^ ■ (3.9) 

This is the general form of this term. Further simplifications can only be ob- 
tained by specialising the spinor fields ^a' and A^. Usually this is done by im- 
posing the Witten equation on the spinor fields. Here, we will proceed somewhat 
differently. The discussion is simplified by the following trivial observations: 

• d leaves the eigenspaces of 7_a^ invariant, 

• d leaves the splitting of the tangent space at points of Ss into vertical and 
horizontal parts invariant, 

• Qa^ interchanges the eigenspaces of 'Ja^ , 

• = A^^/i"^ is horizontal/ vertical iff A'^ and are in different/same 
eigenspace(s). 

Let us now assume that the spinor fields are both in the eigenspace of 7yi^ 
spanned by oa, hence A^ — Xoa and ^a' — P-oa'- In this case, the flag- 
poles of both Xa and fj,A' point along the generators of the same outgoing null 
hypersurface Af^ . From the properties of the intrinsic derivative we find 

QA'^'^^E'^XAZ'^^' = = QA^'XEdfiA'Z^'^'. (3.10) 

We further assume that is orthogonal to the surfaces Ss so that we can write 
it as = Zl"' + Z'ti"^. Using (2.1C) and similar expansions for jiA' and Z^^ 
we obtain 

izS = Xp (i^'z-'VeMA') cPA + ftp (i^Z-^VeA^) d^A 

+ -Z'fiXTZcfA + ZfiX {era ~ p^) (fA 

8 

+ -{0XdZ' - fidX&Z' - Xd'fldZ' + XBfi&Z' - 2ffldXZ' - 2rAg'/iZ') (fA. 
^ (3.11) 

In this formula the last term can be simplified considerably by appropriate 
choice of the scalings of the spinor fields. First, we note that we can choose them 
completely freely on each surface Ss- Furthermore, we can exploit the fact that 
the vector field Z^ is hypersurface orthogonal. This leads to the equations 

dZ + f'Z^O, QZ' + tZ'^O. (3.12) 
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Inserting these into the last term in ( |3.11 ) yields the expression 



for that term. As pointed out in the previous section, we can assume without 
loss of generality that the conormal of J\f~ is a gradient. If is scaled so that 
its flag-pole coincides on S with that gradient then the following equations must 
hold there: 

g (AA) = tAA, (3.14) 
t)(AA)=0. (3.15) 

Obviously, these are conditions only for the extent AA of the flag-pole of the 
spinor field. The first equation above tells us how to fix it on Ss while the second 
equation specifies how to propagate it along the generators of Af~ ■ Note, that 
if we choose /i^' = A^' on S then ( 3.13| ) simplifies further by means of (^11 



to yield the final expression 

-Z'XX{Tf) (fA. (3.16) 

Henceforth, we wi ll ass ume that the spinor fields have b een ch osen in that way 
on E. Therefore, ( 3.14 ) holds on E. We will not impose ( 3.15| ) because it is not 



needed. Note further, that there is some freedom left in choosing A. First of all, 
it can be multiplied by any phase function on E and, what is more important, 
it is defined only up to the multiplication with any function /(s) on E which is 
constant on the surfaces S",. 



Let us now consider the first two terms in ( 3.11 ). These can expanded to 
yield the expression 

p (Z^We (AA) + ZAA(e + e) + Z'AA(7 + 7)) d'^A, (3.17) 

where we have introduced the spin-coefficients e and 7. However, from the 
definition of the spin-frame these coefficients are seen to vanish because on E 
we have Do"^ = and D't"^ = 0. 

This concludes the evaluation of the right hand side of (|3.3| ) in the case 
where both spinor fields are chosen to be tangent to the same null hypersurface. 



In this case, wc obtain for the left hand side of (3.3) 



-i-^ HA'AXaO^^' = ^ (j^XXpd^A. (3.18) 
So we can finally put everything together to obtain the integral formula 

^ q^pd^A^ p^d^A + Z'<j)j^ (^j~Tf^ d^A 

+ j Zcj) {aa - p^) d^A + AttG <j> (j) {V'Tj'pbcZ'') d^A, (3.19) 

where is a positive (—1, — l)-function on E which satisfies the equation g^ = T(j) 
on each two-surface Ss and (j) = Z'^Vet/i. Note, that this equation always has 
solutions because it corresponds to the geometric statement that one can always 
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choose the tangents of the outgoing null geodesies on Sg to coincide with the 
gradients of the null hypersurface which is generated by them. These tangent 
vectors are given by (pi"". We have pulled out the factor Z'(j> from the integral 
because, as a consequence of ( p^ and ( p4| ), we have Z'(j) — const, on the 



surfaces Ss- This equality corresponds to the fact that the function which 
defines the null hypersurface foliation can be chosen to agree with s on S (cf. 
the discussion at the beginning of section ||). Note, that we have not yet specified 
the scaling of the spin-frame. Under special circumstances this can be chosen 
to further simplify the formula. Furthermore, the term involving the scalar 
curvature integrates to a constant by the Gaufi-Bonnet theorem. 

The quantity on the left hand side is the integrated divergence of that null 
geodesic congruence emanating from Ss for which the tangent vectors coincide 
with the gradient of the null hypersurface that is formed by the congruence. On 
the right hand side we find terms which have to do with the geometry of the 
two-surfaces, namely the scalar curvature TZ and the determinant — aa of the 
extrinsic curvature with respect to the corresponding null normal. Note, that 
this expression occurs in the Gaufi maps defined in Q and has to do with the 
convexity of the two-surfaces. The r-terms and the term involving the derivative 
of (j) have no immediate geometric meaning. However, it is worth to point out 
that on a spacelike hypersurface E under the assumption of the dominant energy 
condition the r-term combines with the energy-momentum term with the same 
sign. So it might be possible to view that term as some kind of gravitational 
contribution to the total energy. The term involving the derivative of (j) is present 
because it guarantees the invariance under reparametrisation of the foliation. 

In the case where the spinor fields are aligned along the other null hypersur- 
face J\f^ (so that Xa = p^A = ^i-a) we use the analogous assumptions to arrive 
at the formula 

^ ^ q^'p' d^A = j p'4>' (fA + Z^' j>(j- r'f^ d?A 

+ j Z'cj)' {a' a' - p'^j (fA - A-kG j 0' {n^Ta'^PbcZ'') SA, (3.20) 
where now 0' is a (1, l)-function satisfying 9'0' = on each two-surface Sg- 



4 Special cases 

4.1 On a null hypersurface 

First, we look at the case where S is itself a null hypersurface. Let la be 
the normal to E scaled so that it is a gradient. Then P is tangent to the 
null geodesies generating S and we choose an affine parameter s along each 
generator. Fix a two-dimensional surface S orthogonal to each generator and 
define a foliation of S by the surfaces Ss of constant affine parameter s with 
5' = So. Thus we can take = 1 and Z° = l", i.e., = and Z = 1. Then 
( ^3.19 ) results in the formula 



d_ 

ds 



j pd'^A^ <j>{(ja~p^) d^A + AnG j) Tabl''l''d^A. (4.1) 
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This formula is one of the optical equations integrated over Sg. It is the 
equation which governs the focusing of a bundle of light rays. This can be seen 
by noting that the left hand side can be rewritten as 



by an argument similar to equation (3.2). Thus we obtain 

Dp(fA= <j> + ad) (fA + AttG <j> Tabl'^l^ d?A. 
The formula ( pO| ) can be specialised in this case to yield 



-Jp'd^A 



i7^ - r'r' I d^A - AttG 



I'd^A. 



(4.2) 



(4.3) 



(4.4) 



Here, we have used the fact that (j)' is constant on the two-surfaces because 
Z ^1. 



4.2 Spherical symmetry 

The next special case occurs in space-times with spherical symmetry. We take 
S as a spacelike hypersurface which is foliated by the spheres Ss of symmetry. 
Due to the symmetry all quantities with a non-vanishing spin-weight are zero 
and, in addition, all integrands are constant on Sg so that the int egral s yield 
the integrand times the area A{s) = 4ttR{s)'^ of the surface. Then ( |3.19 ) gives 



^ ^ f^p^ ^ ^^'^^') ~ ^<^(P^)' + 4^G0 {I'^Tj'pbcZ^) (4.5) 

Since we are free to multiply (j) by any function of s, we may take — 1/R. 
Next, we take the parameter s to be the proper length along a radial geodesic 
so that Z'^ is a unit vector field. Furthermore, we choose the spin-frame so that 



Z' = —Z = I/V2, thus breaking the scaling invariance (2.6). Then we also have 
PbcZ'^ = Zlb — Z'ub = —Z'{lb + nb) — where tb is the future pointing timelike 
unit normal vector to S. Finally, inserting the scalar curvature TZ = A/B? of 
the surface we obtain 

^ [pR) = -1- Q + {pR){p'R)^ AnGRTabrtK (4.6) 

Here, we have used the formula Z'^X/^R = (p — p')R/V2, a consequence of 
the formula for the rate of change in the area element along a vector field 
Let us now define the quantities uj+ = 2^/2pR and aj_ = —2\/2p'R then we 
can establish complete agreement with Q where an alternative form of the 
constraint equations for spherically symmetric space-times has been derived. 
These equations are 

^ = -i- (4 - uj+Lu^) - 8nGRTab{V2nt\ (4.7) 
ds 4/t 

dui- 



ds AR 



-3- (4 - uj+u)^) - 8TrGRTab{V2n'')t''. (4.8) 
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These two equations have several important consequences. First, assuming that 
S is topologically , asymptotically flat and regularity at i? = of E and the 
dominant energy condition one can deduce global bounds for the quantities ll!± . 
These in turn imply statements about the occurrence of trapped surfaces and 
singularities in the domain of dependence of S. 

Furthermore, one can easily prove the Penrose inequality in this case 0. 
Suppose that E contains an apparent horizon and is asymptotically flat. Con- 
sider the Hawking mass for a sphere Sg which is given in the present context 

by 

R 

Its derivative along Z°- is 

TTR'Tabl" [l°'uo_+n"'uj+). (4.10) 



ds 



At the outermost apparent horizon with area Aq = 47ri?Q the mass is tjih — 
Ro/{2G) while at spatial infinity we have rriH ~ "niADM- In the region in 
between both u)± are positive. From ( 4.10| ) we find that 



^ = ATrR^Tabl'H'' > 0. (4.11) 
dR ^ ' 

The positivity follows from the fact that under the conditions stated above 

iJ" = — — r + — — n" (4.12) 

is a future pointing timelike vector so that the sign is a consequence of the 
dominant energy condition. From this we obtain the inequality Ro < 2GmADAi 
or 

Ao < IGnG^mloj^. (4.13) 



4.3 At null infinity 

Our last specialisation occurs in asymptotically flat space-times which admit a 
regular null inflnity J7 when E coincides with J^. To treat this case we proceed 
as follows. We introduce Bondi coordinates {u, r, ^, () and the usual Bondi 
null tetrad in a neighbourhood of J. We evaluate the integral formula on the 
hypersurfaces E^ of constant r and then take the limit r — > oo. The evaluation 
of the formulae has to be done only to leading order in l/r. The asymptotic 
solution of the vacuum equations is taken from Q . 

Each hypersurface E^ is foliated by its intersections S'„ with the null hyper- 
surfaces u = const so we take s = u. Since the Bondi tetrad is not yet adapted 
to these surfaces we need to perform a null rotation around l'^ to put n° orthog- 
onal to Su- Then the covariant form of the tangent vectors to the outgoing null 
hypersurfaces is 



I = du, n = dr — [U — LOUj)du. 



(4.14) 
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The spin coefficients need to be changed accordingly. In particular, we get to 
leading order 

p = -r-^ +0{r-^), (4.15) 

p' = ir-i + (m/O + (tO(?° + d^a°) + 0{r-^), (4.16) 

a = a"r-2+0(r-3), (4.17) 

(7' = -(?°r-i+0(r-2), (4.18) 

t' ^-B'a"r-^ +0{r~^). (4.19) 

Here, 3 is defined with respect to the unit sphere. Note, that p' is real due 
to the null rotation and by virtue of an equation on which follows from the 
asymptotic solution of the vacuum field equations. 

The vector field Z°- is given by Z°- — n°- — {U — u!uj)l"- and the function 
(j)' on can be taken to have the form (j>' = <f>o{u) + 4>i{u)r~^ + 0(r^^), 
where S'^i ~ (g'(T°)0o. Finally, the scalar curvature of the two-surfaces Su is 



du f [2 



'-n 



11 = Ar ^ + 0(r Inserting these expansions into (3.20) gives 
(r0n + 0i) + + (7°^° + g2fx0) 00 1 

i (r0o + 0i) + + + 0o dH 

+ j> ^00 rf^f^ + ^ 00 (^ct°ct" - d^f^ + O(r-i). (4.20) 

Here d^il is the surface element of the unit sphere. This equation can be sim- 
plified. Note, that the 0(r)-terms cancel and that the S^tr" term vanishes upon 
integration over Su so that in the limit r ^ oo we obtain the Bondi mass loss 
formula 

The other integral formula ( [3.20| ) contains no information when S coincides with 
J. 

It is worthwhile to point out that in the limit when S coincides with ^7 it is a 
null hypersurface and that the integral formula is then exactly the one discussed 
as the first special case, namely the integrated focusing equation. This seems to 
suggest that the gravitational energy flux and focusing power are really closely 
related. This has been discussed before |^ and there have also been attempts 
to prove positivity of mass from the focusing properties of light rays [[L0[ . 



5 Discussion 

We have derived an integral formula valid on an arbitrary hypersurface E in a 
space-time which satisfies Einstein's equation. It is obtained in a straightforward 
way from the Sparling-Nester-Witten identity by a particular choice of the spinor 
fields. In contrast to the usual procedure of fixing the spinor fields by having 
them obey a differential equation here they are chosen in a geometric way. It is 



REFERENCES 



12 



not clear whether this fixing is optimal. It might well be that there is a different 
choice which eliminates the somewhat arbitrary and uncontrollable functions 
and 0'. Furthermore, in the final form there is no essentially spinorial feature 
left in the integral formula. It might be worthwhile to see whether one can 
derive the formula without using spinors. 

Of course, there are many questions left. We have seen that the integral 
formula reduces to the special form of the constraint equations derived by 
in the case of spherical symmetry with spacelike E. They can derive bounds 
for the optical scalars ijJ± when S is a regular embedded hypersurface which 
allows them to obtain statements about the occurrence of trapped surfaces and 
singularities in the domain of dependence of S. Is it possible to get bounds 
on the integral expressions or some variant of those, too? Can one prove the 
Penrose inequality using these integral formulae in a way similar to the one 
given above? 

We have not looked at the other possibilities to choose the spinor fields. The 
cases where the two spinor fields are aligned along different null hypersurfaces 
do not seem to lead to any similarly nice integral formula. 

Acknowledgements 

This work was started during a stay at the Erwin Schrodinger Institute, Vienna. 
I am grateful to the organisers of the two workshops, H. Urbantke and R. Beig, 
for providing the stimulating atmosphere. I also wish to thank K. P. Tod, 
E. T. Newman, R. Penrose and in particular L. Szabados for discussions and 
for reading a preliminary version of this article. 

References 

[1] L. B. Szabados. Two-dimensional Sen connections in General Relativity. 
Class. Quant. Grav., 11, p. 1833-1846, 1994. 

[2] R. Penrose and W. Rindler. Spinors and Spacetime, volume 1,2. Cambridge 
University Press, 1984, 1986. 

[3] R. P. Geroch, A. Held, and R. Penrose. A space-time calculus based on pairs 
of null directions. J. Math. Phys., 14, p. 874-881, 1973. 

[4] K. P. Tod. Tiie Stiitzfunktion and the cut function. In A. I. Janis and J. R. 
Porter, editors. Recent advances in General Relativity. Birkhauser, Boston, 
1992. 

[5] R. K. Sachs. Gravitational waves in general relativity. VI The outgoing 
radiation condition. Proc. Roy. Soc. London A, 264, p. 309-338, 1961. 

[6] E. Malec and N. O. Murchadha. Optical scalars and singularity avoidance 
in spherical spacetimes. Phys. Rev. D, 50, p. 6033-6036, 1994. 

[7] N. O. Murchadha. private communication, 1997. 

[8] E. T. Newman and K. P. Tod. Asymptotically Hat spacetimes. In A. Held, 
editor. General Relativity and Gravitation. One hundred years after the birth 
of Albert Einstein. Plenum, New York, 1980. 



REFERENCES 



13 



[9] R. Penrose. Gcncral-Rclativistic energy Rux and elementary optics. In 
B. Hoffmann, editor, Perspectives in Geometry and Relativity, pages 259- 
274. Indiana University Press, 1966. 

[10] R. Penrose, R. D. Sorkin, and E. Woolgar. A positive mass theorem based 
on the focusing and retardation of null geodesies, preprint. 



